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We show that certain general properties of threshold and joint resummations in Drell-Yan cross
sections hold as well for their crossed analogs in semi-inclusive deep-inelastic scattering and double-
inclusive leptonic annihilation. We show that all plus-distribution corrections near threshold show
the same structure, and are determined to all logarithmic order by two anomalous dimensions, one
of which is a generalization of the D-term previously derived in Drell-Yan. We also discuss the
possibility of universality in power corrections implied by the resummation.
I. INTRODUCTION
Resummations organize sets of potentially large
higher-order contributions to perturbative series. In hard
inclusive and semi-inclusive cross sections, such correc-
tions typically arise when restrictions on phase space re-
sult in incomplete cancellations between partonic emis-
sion and virtual corrections. The realization of a cross
section that respects unitarity may then require the re-
summation of a portion of the infinite series, involving
unlimited numbers of partons.
For hadron-hadron scattering processes, both trans-
verse momentum [1, 2] and threshold [3, 4] resummations
have been studied extensively, especially for differential
and inclusive cross sections for electroweak vector and
heavy scalar (Higgs) production. In these cases, the tech-
nique of joint resummation [5, 6, 7] provides a unification
of the two methods in situations where both may be im-
portant. In addition, transverse momentum resumma-
tion has also found applications in crossed processes in-
volving the action of electromagnetic currents, especially
doubly-inclusive hadron production in leptonic annihi-
lation and single-inclusive hadron production in deep-
inelastic scattering [8].
In this short paper, we show how in these cases there
are natural crossed analogs of threshold and joint resum-
mations for Drell-Yan (DY) cross sections. Extensions
of this type for threshold resummation were previously
discussed in Ref. [5, 9]. Here we will introduce specific
new observables in single-inclusive deep-inelastic scatter-
ing (SIDIS) and double-inclusive leptonic annihilation
(DIA). These are related to the doubly-differential dis-
tributions already studied at next-to-leading logarithm
in [9]. We will see that the singly-differential threshold-
resummed cross sections in this set share a transparent
structure that extends to all logarithms.
These considerations also have implications for non-
perturbative power corrections in these cross sections,
through the running of the QCD coupling [10]. In prin-
ciple, perturbation theory applies to all infrared safe ob-
servables, which depend only on large dimensional scales,
Q, up to corrections that are formally suppressed by pow-
ers of Q. There is a close relationship between resummed
perturbative predictions and power corrections, however,
because the perturbative series does not converge. In our
analysis of observables related by crossing we will pro-
pose a universal structure for both resummed logarith-
mic and power corrections. Such universality conjectures
on power corrections have previously been tested exten-
sively in average and differential jet event shapes [10, 11]
in e+e− annihilation cross sections, with phenomenolog-
ical success.
In Sec. II we introduce the cross sections in DY, DIA,
and SIDIS that we will consider in this paper. Section III
analyzes their underlying partonic cross sections near
threshold, and in Sections IV and V we investigate the
corresponding threshold resummation. In Sec. VI we dis-
cuss the universality properties of the cross sections, and
we extend our results to the case of joint resummation.
II. CROSSED THRESHOLD VARIABLES
We consider processes that are characterized by the
lowest-order (LO) partonic reaction qq¯ → γ∗ or one of its
crossed versions. These are the Drell-Yan (DY) process
h1h2 → ℓ+ℓ−X , “semi-inclusive” deeply-inelastic scat-
tering (SIDIS) ℓh1 → ℓh2X , and “double-inclusive lep-
tonic annihilation” (DIA), ℓ+ℓ− → h1h2X , where h1,2
denote hadrons. For each of these processes, we are in-
terested in the cross section with the least restrictive
kinematics, and the crossed versions of the variable that
controls threshold logarithms for DY cross sections.
In the DY process, the most inclusive observable is
the usual “total” cross section, differential only in the
variable
τDY ≡ Q
2
(P1 + P2)2
, (1)
where Q is the invariant mass of the lepton pair, and P1,2
are the momenta of the initial hadrons, so that the de-
nominator is the hadronic center of mass energy squared.
Cross sections for SIDIS and DIA have customarily been
considered differential in two light-cone scaling variables,
one associated with each of the two hadrons [9, 12, 13].
For example, in the case of SIDIS, one usually employs
the Bjorken variable x ≡ Q2/2P1 · q (with q the momen-
tum of the virtual photon; Q2 ≡ −q2) and the “fragmen-
tation” variable z ≡ P1 · P2/P1 · q and studies the cross
2section differential in both of these [9]. This treatment
is also followed in experimental studies [14]. In contrast
to this we define, in analogy with the DY process, the
“τ -variable”
τSIDIS ≡ xz =
(
Q2
2P1 · q
) (
P1 · P2
P1 · q
)
, (2)
and consider the cross section differential in τSIDIS. We
are not aware of a discussion of this cross section in the
earlier literature. As we shall show below, this cross sec-
tion has remarkable similarities with the DY cross sec-
tion. Given the experimental studies of SIDIS in terms of
x and z, it should actually be relatively straightforward
to perform measurements of the cross section differential
in the variable τSIDIS as well.
Finally, for DIA, we follow [12] to define x ≡ 2P1 ·q/Q2,
and z ≡ P1 · P2/P1 · q and, following the same logic as
above, we shall consider the cross section differential in
τDIA ≡ xz =
(
2P1 · q
Q2
) (
P1 · P2
P1 · q
)
=
(P1 + P2)
2
Q2
, (3)
where for the last equality we have neglected the masses
of the produced hadrons to introduce their pair invariant
mass (P1 + P2)
2.
Each of the cross sections discussed above is given by
a convolution of parton distribution functions fhi (ξ, µ)
in hadron h and/or hadron fragmentation functions
Dhi (ξ, µ) with partonic hard-scattering functions, where i
runs over quarks, antiquarks, and gluons, and µ is a fac-
torization scale. We shall collectively refer to the parton
distributions and fragmentation functions as Fhi (ξ, µ).
The functions depend on the variable ξ, which for the
parton distributions is the light-cone momentum frac-
tion of the initial hadron momentum taken by the parton,
while for the fragmentation functions it is the momentum
fraction that the produced hadron takes from the parent
parton. Denoting parton momenta by p and hadron mo-
menta by P , we have p = ξP for the initial partons and
p = P/ξ for the final-state ones. The partonic hard-
scattering functions will be denoted by ωijA , where again
i, j run over parton types, and A = DY, SIDIS,DIA. The
ωijA are perturbative; they begin at lowest order with the
simple processes qq¯ → γ∗ (or crossed). For each of the
processes we consider, we introduce a partonic τ -variable
in terms of the corresponding partonic momenta:
τˆDY ≡ Q
2
(p1 + p2)2
=
τDY
ξ1ξ2
,
τˆSIDIS ≡
(
Q2
2p1 · q
) (
p1 · p2
p1 · q
)
=
τSIDIS
ξ1ξ2
,
τˆDIA ≡
(
2p1 · q
Q2
) (
p1 · p2
p1 · q
)
=
τDIA
ξ1ξ2
. (4)
Apart from dependence on the strong coupling αs(µ)
and on the ratio Q/µ, where µ is the renormaliza-
tion/factorization scale, the ωijα will be functions only
of the variable τˆA. The LO partonic cross section is in
each case proportional to δ(1 − τˆA). From now on, we
will choose µ = Q throughout.
In the following, we shall mostly be interested in
the behavior of the partonic cross sections at large τˆA,
τˆA → 1. Since the parton distributions and fragmenta-
tion functions are steeply falling functions of the ξ, they
emphasize the region ξ1ξ2 ∼ τA, and therefore τˆA ∼ 1.
For τˆA → 1, the partonic cross sections at higher orders
in perturbation theory develop large logarithmic correc-
tions. For example, for the Drell-Yan process, the emis-
sion of a single gluon in the process qq¯ → γ∗ gives rise to
a leading term of the form αs [ln(1− τˆDY)/(1− τˆDY)]+,
where the plus-distribution makes the cross section in-
tegrable at τˆDY = 1 in the standard way. At yet
higher orders in αs, one finds leading terms of the form
αks
[
ln2k−1(1− τˆDY)/(1− τˆDY)
]
+
, plus subleading terms
that are down by one or more powers of the logarithm.
As we shall discuss below, the logarithms arising at
τˆA → 1 have a universal structure in the three cross sec-
tions we are discussing in this paper. They are associated
with emission of relatively soft gluons into the final state.
The analysis of the large corrections is most conveniently
performed in a reference frame where the energy of the
emitted soft gluons is the only relevant quantity. For the
Drell-Yan process, this approach has been followed in ear-
lier treatments [3], where the resummation of the large
logarithms to all orders of perturbation theory was de-
rived. The frame chosen here is the center-of-mass frame
of the initial hadrons. The large corrections then arise
when the partons have “just enough” energy to produce
the final state. For this reason, the logarithms are also re-
ferred to as threshold logarithms, and their resummation
as threshold resummation.
Restricting ourselves to the terms in the partonic cross
sections that dominate at large τˆA, we find the following
generic structure for our three cross sections of interest:
dσA(τA)
dτA
= σ0A
∑
i=q,q¯
∫ 1
τA
dξ1
ξ1
Fh1i (ξ1, Q)
×
∫ 1
τA/ξ1
dξ2
ξ2
Fh2i (ξ2, Q)ωiA(τˆA, αs(Q)) , (5)
where for A = DY Fh1i ≡ fh1i , Fh2i ≡ fh2i¯ , for A = SIDIS
Fh1i ≡ fh1i , Fh2i ≡ Dh2i , and for A = DIA Fh1i ≡ Dh1i ,
Fh2i ≡ Dh2i¯ . The normalization σ0A is specific to each
process; it may depend on additional variables such as
lepton scattering angles (the cross section may also be
differential in these, in addition to τA). It is chosen in
such a way that each of the ωiA begins with δ(1− τˆA) at
LO. Note that the sum in Eq. (5) only runs over quarks
and antiquarks and is diagonal in flavor. This is because
soft gluon emission gives rise to threshold logarithms only
in the process qq¯ → γ∗ (or crossed). Partonic channels
with an initial gluon, or with a gluon fragmenting into
the observed hadron, are suppressed near threshold. For
this reason, we keep only a single partonic index on ωA.
3Also note that in general there could be two terms of
the form in (5) for a given process, depending on whether
the virtual photon carries transverse or longitudinal po-
larization. For example, in DIS, there are contributions
involving the structure functions F1 and FL. However,
it turns out that near partonic threshold the longitudi-
nal polarization component is suppressed, so that there
is only a single structure like Eq. (5) for each process.
In the following, it will be convenient to introduce
Mellin moments of the cross sections in Eq. (5) in τA.
Defining for any function f(x) the moments f˜(N) ≡∫ 1
0 dxx
N−1f(x), we find:
σ˜A(N) = σ
0
A
∑
i=q,q¯
F˜h1i (N,Q)F˜h2i (N,Q) ω˜iA(N,αs(Q)) .
(6)
Small 1− τˆA corresponds to large N . The inverse trans-
formation reads:
dσA
dτA
= σ0A
∑
i=q,q¯
∫
C
dN
2πi
τ−NA F˜h1i (N,Q)F˜h2i (N,Q)
× ω˜iA(N,αs(Q)) , (7)
where C denotes a contour in complex-N space. In mo-
ment space, the partonic hard-scattering functions have
the perturbative expansion
ω˜iA(N,αs(Q)) = 1 +
αs(Q)
2π
ω˜
i(1)
A (N) +O(αs(Q)2) . (8)
The explicit forms of the coefficients ω˜
i(1)
A (N) may be
obtained from results in the literature [12, 15, 16]. One
finds for large N :
ω˜
i(1)
DY (N) = 4 ln
2(N¯)− 8 + 2
3
π2 + O(1/N)
= ω˜
i(1)
DIA(N) ,
ω˜
i(1)
SIDIS(N) = ω˜
i(1)
DY (N)− π2 + O(1/N) , (9)
where N¯ ≡ NeγE with γE the Euler constant. The
logarithmic term is the moment-space equivalent of the
threshold logarithm [ln(1− τˆA)/(1− τˆA)]+ in τˆA space
mentioned above. As we anticipated, this term is uni-
versal in all ω
i(1)
A (N). The N -independent pieces partly
result from virtual corrections, which explains the differ-
ence ∼ π2 between the time-like DY and DIA processes
and the space-like SIDIS. We will show below that the
close relationship between the ω˜iA extends to all orders.
III. PHASE SPACE NEAR PARTONIC
THRESHOLD
The one-loop double logarithmic structure in the mo-
ment variable N exhibited in the previous subsection can
be generalized and resummed to all orders in each of the
DY, SIDIS and DIA processes. The same reasoning will
enable us to exhibit jointly resummed cross sections that
organize the singular behavior in both N and the impact
parameter b conjugate to the transverse momentum of
soft gluon radiation. The key to these results is an analy-
sis of the phase space available to partonic radiation near
threshold in each case. We will find that, by a suitable
choice of frame, all logarithmic behavior in the partonic
variables τA, A = DY, SIDIS or DIA, arises from a region
where there is a limitation on the total energy of partonic
radiation. The powerful consequences of this restriction
were explored in detail for Drell-Yan processes in Ref.
[5]. We derive the analogous results for SIDIS and DIA
in the following section. Here, we review the DY phase
space and provide its extensions to the other cases.
For Drell-Yan processes h1(P1)h2(P2) → ℓ+ℓ−X , we
choose the overall partonic rest frame, with
(p1 + p2)
µ =
√
sˆδµ0 . (10)
The relation between the observed vector boson momen-
tum q and the momentum k of unobserved radiation is
p1 + p2 = q + k . (11)
In the rest frame, we then evaluate the partonic τˆA vari-
able and find
τˆDY =
(p1 + p2 − k)2
sˆ
= 1− 2k
0
Q
+O [(1− τˆDY)2] .(12)
Thus, the difference between τˆDY and unity is twice the
total energy of partonic radiation divided by Q, up to
corrections that vanish as a power for τˆDY → 1, and
which therefore do not affect logarithmic behavior in the
moments.
To construct a similar analysis for the SIDIS process
ℓh1(P1) → ℓh2(P2)X , we choose a partonic Breit frame
where
p1 = (p
+
1 , 0
−, 0T ) ,
q = (−q+, Q2/2q+, 0T ) ,
p+1 = q
− . (13)
As before, we define kµ as the momentum of all unob-
served radiation,
p1 + q = p2 + k . (14)
We then have kT = −p2,T for the transverse components.
A brief calculation gives
τˆSIDIS =
(
1− k
2
T
2p+1 q
−
− k
+
p+1
) (
1− k
−
q−
)
∼ 1− 2k
0
Q
+O [(1 − τˆSIDIS)2] , (15)
a result precisely analogous to (12), up to nonsingular
corrections.
4Finally, for DIA ℓ+ℓ− → h1(P1)h2(P2)X , we use the
overall rest frame, with
qµ = Qδµ0 . (16)
The relation between the observed momenta and inclu-
sive radiation in this case is
q = p1 + p2 + k , (17)
and we again find:
τˆDIA =
(q − k)2
2P1 · q = 1−
2k0
Q
+O [(1 − τˆDIA)2] . (18)
Thus, in each case the available phase space is most easily
characterized by a limitation on the total energy of gluon
radiation.
IV. THRESHOLD RESUMMATION
Near partonic threshold, in each of the cross sec-
tions discussed above singular behavior appears as plus-
distributions, up to [ln2n−1(1− τˆA)/(1− τˆA)]+ in momen-
tum space and ln2nN in Mellin-moment space at nth or-
der in αs, with A = DY, SIDIS, DIA. Using the results
of the previous section, we can write a universal form for
threshold resummation in these processes.
As discussed in some detail in Ref. [5], all singular
corrections in the region near partonic threshold for the
Drell-Yan process can be factorized into parton distri-
bution functions in convolution with an inclusive cross
section for the production of soft radiation with total
momentum k. In the appropriate frame, corrections to
this factorization are suppressed by powers of the energy,
k0/Q to the hard-scattering scaleQ, in momentum space,
and by powers of the moment variableN in the transform
space.
Because we have established that the threshold regions
in SIDIS and DIA are also characterized by small energy
of soft gluon radiation k0, essentially identical arguments
apply in these cases as well. The only significant differ-
ence is that, as in Eq. (5), for SIDIS one of the parton
distributions is replaced in the convolution by a fragmen-
tation function, while for DIA both are replaced.
For soft emission, the hard scattering functions ω˜iA may
be evaluated in the eikonal approximation for the quarks
and/or antiquarks involved in the hard scattering. The
fermions are then represented by recoilless color sources,
characterized by velocities β and β′ in opposite direc-
tions along the axis defined by the relevant center-of-
mass frames. In these frames, the ω˜iA are invariant under
both boosts and rescalings of the eikonal velocities β, β′.
In moment space, the eikonal hard scattering functions
exponentiate [5, 17]:
ω˜iA(N,Q) = exp
(
2
∫
k2
T
<Q2
d2−2ǫkT
[2π1−ε/Γ(1− ε)]
{∫ Q2−k2
T
0
dk2 W iA
(
k2T , k
2
T + k
2, µ2, αs(µ, ε), ε
)
×

K0

2N
√
k2T + k
2
Q2

 − ln
√
Q2
k2T + k
2

+ 2
(k2T )
1−ε
ln N¯ Ai (αs(kT , ε))
})
, (19)
where we have chosen dimensional regularization with
d = 4− 2ε dimensions, in order to make all contributions
to the exponent individually finite. We have suppressed
the finite dependence on ε in the function ω˜iA. All dynam-
ical information in Eq. (19) is contained in the “web” [17]
functions W iA
(
k2T , k
2
T + k
2, µ2, αs(µ, ε), ε
)
. The web
functions possess the same boost-invariance and scaling
properties as the full eikonal cross sections. As such,
they can depend only on the boost invariant quantities k2
and k2T , the squared total invariant mass and transverse
momentum of radiation. In the frame we have chosen,
k2+k2T = k ·β k ·β′/(β ·β′). The web functions may also
depend on the boost-invariant signs: sgn(β′ ·k), which in
general leads to differences between the web functions for
the various processes at a non-leading level. An example
at one loop is the π2 term in Eq. (9).
Webs can be defined graphically in terms of sums of
diagrams that are irreducible by cutting two eikonal lines,
and the web functions are the result of summing over all
final-state cuts of these diagrams, integrating over phase
space at fixed total final-state momentum, k. The web
functions for the three cross sections under consideration
are all related simply by crossings of the eikonal lines.
The boost invariance of the webs allows us to inte-
grate over one light-cone component of k, resulting in the
Bessel function K0 in Eq. (19), with the specific boost-
invariant momentum dependence shown. Corrections to
(19) are exponentially suppressed in N for all contribu-
tions with radiation.
The logarithmic term in the square brackets accounts
for virtual corrections, that is, final states without radia-
tion. Only these contributions are sensitive to the upper
limits of the k integrals for large N . We will see that in
(19) the virtual corrections are defined to set ω˜iA to zero
5at N = 0. This condition, of course, does not affect the
logarithmic large-N behavior in moment space, or the
singular τa behavior in momentum-space convolutions.
The final term in (19) represents the subtraction of
collinear singularities. In this term, the anomalous di-
mension Ai(αs) is the same coefficient that appears in
the single-log term in the moments of the i→ i splitting
function, P˜ii(αs, N) = −Ai(αs) ln N¯ + . . . [5]. Ai(αs) is
the same for parton distributions and for fragmentation
functions because it is determined by the elastic form
factor. i and i¯, which are both either a quark or an
antiquark, have the same subtraction of collinear singu-
larities, hence the factor 2 in this term of Eq. (19).
Finally, we recall the very useful property that the web
functions are invariant under variations of the renormal-
ization scale [5]:
∂
∂ lnµ2
W iA
(
k2T , k
2
T + k
2, µ2, αs(µ, ε), ε
)
= 0 . (20)
This enables us to shift the scale of the running coupling
with the integration over momentum, a feature that we
will exploit in the next section.
V. LEADING AND SUBLEADING
LOGARITHMS IN THE RESUMMED CROSS
SECTIONS
In this section we will provide a new analysis of the ex-
ponents of the resummed cross sections in moment space,
Eq. (19), that will for the first time relate the exponent
in terms of webs to the anomalous dimensions that have
customarily been introduced to generate nonleading log-
arithms. These have variously been denoted by g3(αs)
[3] and D(αs) [19], and are process dependent. We will
see that for the set of cross sections discussed here, these
anomalous dimensions are very closely related.
In the double integral of Eq. (19), we change variables
from k2 to
u2 ≡ k2 + k2T , (21)
and in the integral over the term proportional to Ai we
separate the angular integration and relabel the radial
variable k2T as u
2. Using the renormalization scale in-
variance of the web functions, Eq. (20), we choose µ = u
and write the logarithm of the eikonal cross section as
ln ω˜iA(N,Q) =
∫ Q2
0
du2
{∫ u2
0
dk2T (k
2
T )
−εW iA
(
k2T , u
2, u2, αs(u, ε), ε
)
×
[
K0
(
2Nu
Q
)
− ln Q
u
]
+
2
u2
ln N¯ Ai (αs(u, ε))
}
. (22)
In the first term of this expression, all kT -dependence is
in the web function at fixed u, and it is natural to define
an anomalous dimension that is a function of u only:
ρiA (αs(u, ε), ε)
u2
≡
∫ u2
0
dk2T (k
2
T )
−ε
×W iA
(
k2T , u
2, u2, αs(u, ε), ε
)
. (23)
The function ρiA defined in this fashion is dimensionless,
so that the overall factor u−2 carries all dimensional in-
formation. Note that in the subtraction term of Eq. (22)
the power is also u−2 with no dependence on ε. These in-
tegrals are defined by reexpanding the coupling αs(u, ε)
in terms of the coupling at a fixed scale, for instance
αs(Q). As long as ε < 0, the running coupling vanishes
for u2 → 0 order-by-order in this expansion, and the in-
tegrals all exist. Our ignorance of the true behavior of
αs(u, ε), however, may be considered a signal of power
corrections [10], which we discuss briefly below.
In terms of ρiA the eikonal hard-scattering function
simplifies to
ln ω˜iA(N,Q)
=
∫ Q2
0
du2
ρiA (αs(u, ε), ε)
u2
[
K0
(
2Nu
Q
)
− ln Q
u
]
+ 2 ln N¯
∫ Q2
0
du2
u2
Ai (αs(u, ε)) . (24)
The double-logarithmic structure of the exponential is
manifest in this form, with additional logarithms associ-
ated only with the running of the QCD coupling. Both
u integrals show a (collinear) divergence at u2 = 0. Fac-
torization theorems require that these divergences cancel
between the eikonal cross section and the collinear sub-
traction (the A term). This implies that the function
ρiA is given, up to terms that vanish at ε = 0, by the
universal “cusp” anomalous dimensions Ai:
ρiA (αs(u, ε), ε) = 2Ai (αs(u, ε)) + F
i
A (αs(u, ε), ε) ,
(25)
where F iA is a function that vanishes at ε = 0. However,
its integral over u in Eq. (24) need not vanish.
6We can isolate the contribution of F iA to the hard-
scattering function in (24) by an integration by parts. For
this purpose, we introduce a new function, DiA, defined
by
∫ Q2
0
du2
u2
F iA (αs(u, ε), ε) = D
i
A (αs(Q, ε), ε) . (26)
The function DiA(αs, ε) does not necessarily vanish at
ε = 0, and is related to F iA by
F iA (αs(u, ε), ε) =
∂
∂ lnu2
DiA (αs(u, ε), ε) . (27)
For the logarithm of the eikonal hard-scattering function,
we now have, after an integration by parts, a universal
expression in terms of two conventional anomalous di-
mensions, Ai and D
i
A:
ln ω˜iA(N,Q) =∫ Q2
0
du2
u2
2Ai (αs(u))
[
K0
(
2Nu
Q
)
− ln Q
N¯u
]
+
∫ Q2
0
du2 DiA (αs(u))
∂
∂u2
[
K0
(
2Nu
Q
)
− ln Q
u
]
.
(28)
Here we have set ε = 0 on both sides of the equation,
because the integrals on the right are now both finite in
this limit. The first (A) term generates the leading dou-
ble logarithms, because for u≫ Q/N the Bessel function
K0(2Nu/Q) vanishes rapidly, leaving a ln(N¯u/Q)/u
2 be-
havior. For the second (DiA) term, the derivative of the
expression in square brackets is again power-suppressed
when u≪ Q/N , but lacks the logarithmic enhancement
for larger u, where it behaves simply as 1/u2,
∂
∂u2
[
K0
(
2Nu
Q
)
− ln Q
u
]
∼ −N
2
Q2
(
ln
N¯u
Q
− 1
2
)
,
Nu
Q
≪ 1 ,
∼ 1
2u2
,
Nu
Q
≫ 1 . (29)
Because the function DiA receives no contributions from
a single-gluon final state [5], the second term in Eq. (28)
begins at next-to-next-to-leading logarithm in the mo-
ment variable. This term generalizes the D-terms found
in Drell-Yan threshold resummation [3, 4, 19]. We note
again that this result is found by consistently using the
coupling in 4 − 2ε dimensions, with ε < 0. The final ex-
pression, however, is finite for ε→ 0, as it must be in the
short-distance function ω˜iA(N,Q).
We also see explicitly from (28) that the expression in
Eq. (19) vanishes for N → 0, which can be thought of
as a normalization condition for virtual corrections. This
confirms that the resummed short-distance function has
been constructed to consist of plus distributions only. It
may, however, be corrected by N -independent constants
[18].
VI. DISCUSSION
We have shown that the full formalism for thresh-
old resummation can be extended from the Drell-Yan
cross section to its crossed relatives in single-inclusive
deep-inelastic scattering and double-inclusive annihila-
tion. The hard-scattering functions for all of these pro-
cesses can now be expressed in terms of exponentiated
integrals of eikonal web functions, related by crossing
eikonal lines. We have also shown how process-dependent
nonleading logarithms arise naturally in the eikonal for-
malism and that, within this set of diagrams, the rele-
vant (DiA) anomalous dimensions are all closely related.
These results extend the set of observables that can be
analyzed to all orders and logarithms in terms of a lim-
ited set of anomalous dimensions, and should facilitate
the investigation of the relationship between perturba-
tive and nonperturbative dynamics in these and related
hard-scattering processes. Here we shall make a few ob-
servations on possible applications.
A. Joint resummation
Following the analysis of Ref. [5], the threshold-
resummed hard scattering functions above can all be ex-
tended to joint resummation. At leading power in N ,
the double transform to Mellin moment and impact pa-
rameter space in joint resummation, is derived by simply
inserting the factor exp[ib ·kT ] in the integral over final-
state momenta in Eq. (19):
ln ω˜iA(N,Q, b) = 2
∫ Q2
0
du2
{∫
k2
T
≤u2
d2−2ǫkT
[2π1−ε/Γ(1− ε)] W
i
A
(
k2T , u
2, u2, αs(u, ε), ε
)
×
[
eib·kTK0
(
2Nu
Q
)
− ln Q
u
]
+
2
u2
ln N¯ Ai (αs(u, ε))
}
. (30)
That is, at leading power of N , all logarithms in b are
controlled by the same web functions as in threshold re-
summation. The extension to b-dependence at nonlead-
7ing powers of N was investigated in [6] for Drell-Yan
processes. These considerations may be extended to the
crossed reactions at observed transverse momenta in a
straightforward manner.
B. Power corrections
In the resummed expressions of Eq. (28), as in re-
summations of many other physically-relevant quanti-
ties, perturbative non-convergence arises from the inte-
gral over a momentum scale u that can be identified with
the argument of the strong coupling, αs(u). In cases
where u = 0 is the endpoint of the integral, re-expanding
the running coupling αs(u) in terms of any coupling at
fixed scale, say, αs(Q), leads to integrals that are finite
for infrared-safe quantities, but which grow factorially
with the order. Generally speaking, the presence of the
form (1/Q)p
∫ Q
0 dµµ
p−1 f(αs(µ)) is taken to imply the
presence of a 1/Qp power correction [10, 11, 20]. A con-
jecture of universality is natural when the function f(αs)
is the same for different processes. Expanding the K0
function, we find for each of these observables an expan-
sion in even powers (only) of N/Q and bQ.
Many investigations of power corrections have been
carried out in this fashion [10, 11, 20], normally on the
basis of cross sections that have been resummed to next-
to-leading logarithm. It is interesting, therefore, to make
a similar analysis in these cases, where the resummation
has been carried out in principle for all logarithms.
This reasoning would seem to imply identical power
corrections from the Ai term in Eq. (28), which gener-
ates leading and next-to-leading logarithms in perturba-
tion theory, since this anomalous dimension is the same
in each of the cross sections. The anomalous dimensions
DiA, on the other hand, may vary between these pro-
cesses, although only through the dependence of the web
functions W iA on the signs of the invariants β · k, β′ · k,
as mentioned above. It will clearly be of interest to in-
vestigate further the possible influence of the D terms
on power corrections in these cross sections, where the
perturbative structure is relatively simple.
C. Phenomenological applications and
generalizations
We close with the observation that the cross sections
resummed in this paper can in principle be compared
directly with data from deep-inelastic and leptonic an-
nihilation processes over a wide range of energy scales.
It may also be possible to generalize this analysis to a
number of observables in hadron-hadron scattering, for
example dihadron cross sections. We leave these appli-
cations and generalizations to future work.
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